The emergence of new quantum devices based on solid state systems requires understanding its fundamental concepts, which can provide the opportunity to fully control its quantum properties. The role played by the quantum coherence in the processing, codification, and distribution of the quantum information, carried by such systems has attracted the attention of the scientific community for the development of emergent quantum technologies. In this regard, the present work reports a study of the influence of the temperature, pressure, and magnetic field on the quantum coherence of a Cu(II) metal-silicate framework, through a theoretical and experimental point of view, writing the quantum coherence as a function of the magnetic susceptibility of the compound, which allows us to indirectly measure its quantum coherence through magnetometric experiments.
I. INTRODUCTION
The development of new technologies has provided great advances in materials preparation techniques, leading to the emergence of new electronic devices. Nowadays, we have reached the point where the miniaturization of these devices has led to the development of molecular size components. However, designing molecular components requires a deep understanding of the quantum properties of these components. The technological challenges of quantum information science led us to consider fundamental aspects of molecular magnetism, because of its ease of synthesis, great versatility, and lowdimensional quantum features [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] .
In recent years, it has been demonstrated that molecular magnetic systems present themselves as strong candidates as prototype materials for emerging quantum devices, and the characterization of its quantum correlations has received a considerable attention [2, [4] [5] [6] [7] [8] [12] [13] [14] [15] . Recently, it has been demonstrated that this systems may be immune to decoherence mechanisms, presenting highly stable quantum correlations against external perturbations such as temperature, pressure, and magnetic fields [2, [4] [5] [6] [7] [8] [12] [13] [14] [15] . On the other hand, while the entanglement and nonclassical correlations (or quantum correlations) are a key resource to characterize the quantum properties of a bipartite and some multipartite systems, quantum coherence is a common necessary condition for different forms of quantum correlations [16, 17] , being a fundamental feature for signifying quantumness in an integral system [17] .
Quantum coherence, arising from the coherent superposition of quantum states, is a remarkable resource in quantum optics, quantum information theory, solid state physics, quantum metrology and thermodynamics [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] . Recently a criterion of measurement that quantifies quantum coherence in solid states system was proposed by Baumgratz et al. [27] . The authors established the fundamental assumptions for a quantitative theory of co-herence, enabling the development of a rigorous theory of quantum coherence as a physical resource [24] . However, in order to utilize the remarkable features of quantum coherence it is necessary to define a consistent theoretical basis to measure it experimentally.
In the present work, we report a study of the thermal quantum coherence in a metal-silicate framework, as a Cu(II) spin dimer, i.e., a Heisenberg dimer in a d 9 electronic configuration; from which we obtain an ideal realization of a two-qubit system, formed in the compound KN aCuSi 4 O 10 [12, 28] . We establish the theoretical relations between the trace-distance measurement of quantum coherence [29] and the thermodynamic properties of this prototype material. This allows us to characterize the behavior of quantum coherence in molecular magnetic systems and investigate the influence of the temperature, pressure, and magnetic field. Our results show that it is possible to manipulate the degree of coherence in a magnetic system by controlling those external conditions. In addition, we report an experimental observation of thermal coherence, using the complete knowledge of its Hamiltonian model, and establishing a relationship between the quantum coherence and the experimental magnetic susceptibility of the compound, which allows us to estimate the thermal quantum coherence directly from a set of experimental data.
II. QUANTUM COHERENCE IN A MOLECULAR MAGNETIC SYSTEM
Geometric approaches are widely used to characterize and quantify the quantum correlations in a wide variety of quantum systems. Similarly to that proposed in the entanglement theory [30] , from which the entanglement can be characterized by a distance between the considered state and a set of states closed under LOCC operations (separable states) [17, 27, [30] [31] [32] , Baumgratz et al. [27] provides one path towards quantifying the amount arXiv:1910.04199v1 [quant-ph] 9 Oct 2019 of coherence in a quantum state ρ. From the minimal distance D(ρ, σ), between the considered quantum state ρ and a set {σ = d k |k k| ∈ I} of incoherent states of the d-dimensional Hilbert space, it is possible to quantify the quantum coherence as:
where D(ρ, σ) is any measure of distance between the two density matrices, where the reference basis {|k } {k=1,...,d} may be defined by the physics of the problem under investigation or by a task for which coherence is required [24, 27] . Therefore, from geometric point of view, any distance measure between quantum states may serve as a candidate for quantifying quantum coherence. From the selected reference basis, the superposition consists in the nonvanishing off-diagonal of the density operator ρ that describes the quantum state of the system of interest [17, 27] . From this consideration Baumgratz et al. [27] showed that the l 1 trace norm can be a reliable measurement of quantum coherence as
In order to study the role of external parameters, such as temperature, pressure and magnetic field, on the quantum coherence of a molecular magnetic system, we will take the reference basis as the spin eigenbasis in a certain direction within a quantum metrology setting. For the temperature dependence on the quantum coherence, in an experimental point of view, we associate the calculation of the trace distance quantum coherence to the measurement of magnetic susceptibility.
Our prototype material, in which we evaluate the quantum coherence, is the metal-silicate framework KNaCuSi 4 O 10 [12, 28, 33], a Heisenberg spin 1/2 dimer in a d 9 electronic configuration. This compound was chosen because it has synthetic analogs of the naturally occurring mineral litidionite [28] , being an ideal realization of a two qubit system [12] , since these dimers are magnetically isolated from each other, separated by two SiO 4 corners [28] . This prototype can be described by two-qubit system interacting by the Heisenberg-Dirac-Van Vleck Hamiltonian [1, 34] ,
where J is the magnetic coupling constant. The magnetic susceptibility of this system satisfies the Bleaney-Bowers equation [1, 35] :
where g is the Land factor, µ B is the Bohr magneton, k B is the Boltzmann constant and N is the number of dimers. Magnetic susceptibility measurements for the KNaCuSi 4 O 10 compound are presented in reference 28, where the measurements have been performed between 2 K and 350 K. Taking into account the crystal structure of this compound, the susceptibility data have been fitted to the Bleany-Bowers equation, Eq. (4), where the authors obtain J/k B = −2.86(3) K (antiferromagnetic coupled ions) and g = 1.555 (1) .
To go further and analyze the quantum coherence by means of the magnetic susceptibility of the material, firstly, we write the density matrix of the system under consideration in the computational basis {|00 , |01 , |10 , |11 }, [12, 36, 37] :
where,
is the spin-spin correlation function [2, 12, 36, 37] . The isotropy of the magnetic material and the rotation symmetry of the Heisenberg interaction at zero field makes the density matrix, Eq. (5), a Bell's diagonal mixed state for any local S (x) , S (y) or S (z) eigenbasis. Due to this symmetry, the density matrix, Eq. (5), will be the same for any direction of the spin eigenbasis. Thus, the coherence will be independent of the choice of the local basis of the spin observables. From Eq. (2) and (5) one can evaluate the temperature dependence on the trace distance quantum coherence as a function of the magnetic susceptibility as
Therefore, from Eq. (7), it is possible to measure quantum coherence in a low dimensional molecular magnetic system by measuring the thermodynamic properties of solids, such as magnetic susceptibility. In Fig. 1 , we show the experimental trace distance quantum coherence obtained from the measurement of the magnetic susceptibility of the metal-silicate framework KNaCuSi 4 O 10 . The theoretical curves were plotted taking the corresponding estimates for the coupling constant J/k B in Eq. (7) . Moreover, the reference 4 investigates the quantum thermal entanglement of this prototype material finding the maximum temperature of 2.43 (7) K below which there is quantum entanglement between the Cu(II) ions; at this temperature the coherence of the system is 35% of the maximum value. Apart from its quantification and characterization, the coherence is intimately associated with other quantum correlations quantifiers [38, 39] . Thus, quantum coherence and correlations can be transformed into each other. The quantum discord [40] , a measurement of quantum correlations beyond entanglement [2, 24, 39] , can also be quantified in molecular magnetic system via a distance based approach [2, 3, 12] . In this regard, Eq. 7 relates to the geometric quantum discord based on the Schatten 1-norm [41] as
where
ρ is a given quantum state and ρ c is the closest classical-quantum state [42, 43] . Therefore, the measurement of quantum coherence can also quantify the amount of quantum correlation in a molecular magnetic system.
III. INFLUENCE OF THE EXTERNAL PRESSURE
In order to evaluate the influence of an external pressure on quantum coherence in the prototype material KNaCuSi 4 O 10 , we investigate the dependence of its magnetic coupling constant with the external pressure by using the Density Functional Theory [44] , in the generalized gradient approximation (GGA), and the Perdew-Burke-Ernzerhof (PBE) parameterization for the exchangecorrelation functional [45] [46] [47] [48] [49] [50] . We use the so called PBE functional because it has no empirical parameters and is considered one of the most accurate processes, so it is widely used in electronic structure calculations [12, 51] . In this way, the Kohn-Sham equations were solved from the plane-wave pseudopotential method, implemented in the Quantum ESPRESSO software [52] .
After structural optimization, the next step was to calculate the magnetic coupling between Cu ions. For a Heisenberg spin-1/2 dimer, as the KNaCuSi 4 O 10 compound, the magnetic coupling constant J = E S − E T , where E T is the triplet state energy and E S is the singlet state energy. We calculate the total energy of parallel (E T ) and antiparallel (E S ) configurations. The procedure used was to break the symmetry between the spin up and down densities, imposing, in the initial configuration, a nonzero magnetization to some atoms of the system [12] . In the material studied, the elements chosen were Cu ions. From the Hohenberg-Kohn theorem [53] , the energy of a system is a function of the charge density. Thus, as performed on reference 12, using this theorem [44] , along with the Kohn-Sham scheme [54] , we calculate the total energy for each coupling constant, by using the total energy as a function of volume to the third-order Birch-Murnaghan equation of state [12, 55] 
where V 0 is the equilibrium volume of the compound, B 0 is the bulk modulus at ambient pressure, a measurement of how resistant to compression that sample can be, and B 0 is the pressure derivative of the bulk modulus at ambient pressure, respectively [12] . The values of hydrostatic pressure corresponding to each volume V are calculated by the third-order BirchMurnaghan isothermal equation of state [55] 
From Eq. (9) we obtain the magnetic coupling constant for different values of hydrostatic pressure, Eq. (10), using first principles calculations. Reference 12 shows the structural optimization curve of the metal-silicate framework KNaCuSi 4 O 10 , obtained from DFT calculations and fitted by the third-order Birch-Murnaghan equations of state (Eq. (9)).
Using Eq. (4) we calculate magnetic susceptibilities from each magnetic coupling constant obtained from each coupling constant. By using Eqs. (7) it is possible to evaluate the influence of an hydrostatic pressure on the quantum coherence of a low dimensional molecular magnetic system. This way, we establish a relationship between the quantum coherence and significant macroscopic effects, as an external hydrostatic pressure applied on the magnetic material. Figure 2 shows temperature dependence on the quantum coherence for different values of hydrostatic pressure. As obtained in the reference [12] , increasing the pressure in the system leads to a decrease on the lattice parameter and volume of unit cell; as a consequence, the exchange parameter of the system increases and becomes positive, i.e., the system ceases to be ordered antiferromagnetically (entangled ground state) and becomes ferromagnetically ordered (separable ground state). Due to this change of the exchange parameter sign, there is a gap in the coherence of the ground state, as it can be seen in figure  2 , increasing the hydrostatic pressure on this prototype material leads to the decrease of the degree of coherence in the system. Figure 2 . Temperature dependence of the quantum coherence calculated for different values of hydrostatic pressure, obtained by first principles calculations in the metal-silicate framework KNaCuSi4O10 [28] .
On this matter, it is possible to handle the degree of coherence of a low dimensional molecular magnetic system by the management of the pressure applied on the system, since the external pressure induces a structural contraction in our metal-silicate framework, leading to a change of its magnetic alignment and decreasing the degree of quantum coherence in the dimeric unit. This results shows that the degree of coherence in a spin cluster system can be affected by the structural parameters as lattice parameter and volume of unit cell, allowing the manipulation of the quantum coherence by material engineering.
IV. INFLUENCE OF THE LONGITUDINAL AND TRANSVERSE MAGNETIC FIELD
Unlike other quantum information theoretic quantifiers, quantum coherence is basis dependent. The ref-erence basis {|k } concerning the coherence is measured in regard to the physical problem under investigation; e.g., for molecular magnetic systems the usual basis is the spin eigenbasis in a certain direction, {S x , S y , S z }, within a quantum metrology setting.
In order to investigate the influence of the application of an external magnetic field on the prototype material KNaCuSi 4 O 10 , we consider the magnetic field B along the z direction. One can evaluate the coherence for two reference bases: one parallel to the applied field (S z eigenbasis) and another perpendicular to the field (S x or S y eigenbasis). The Hamiltonian that rules this system interacting with an external magnetic field is given by
The bipartite density matrix of this system can be written in the parallel eigenbasis, S (z) , {|00 , |01 , |10 , |11 } [36, 37] as a X-shaped matrix:
where Z(T, B z ) = e x + e −3x + 2e x cosh (βh z ) ,
with β = 1/k B T , x = βJ/4, h z = µ B g z B z , and Z is the partition function.
The trace norm quantum coherence, Eq.(2), can be calculated in terms of these matrix elements as:
As we take the B z → 0 limit in Eq. (14), we recover the Eq. (7) .
On the other hand, the density matrix ρ x can be written in the perpendicular eigenbasis, S (x) , {|++ , |+− , |− + , | − − } as:
Due the field applied on z direction, breaking the symmetry of the Heisenberg interaction in this direction, Eq. (15) can be obtained by writing Eq. (12) on the S y eigenbasis. From Eq. (15) one can found that the transverse field quantum coherence as:
As we take the B z → 0 limit in Eq. (16), we recover the Eq. (7). Figure 3 (a) shows the trace norm quantum coherence of our prototype material, as a function of the applied longitudinal field for selected temperatures. As it can be seen, the application of magnetic field decreases the degree of coherence on the parallel eigenbasis. In contrast, as shown in Figure 3 (b) , the application of a transverse field increases and strengthens the degree of coherence between the spins in the dimeric cluster on the perpendicular eigenbasis. Both effects are highlighted in low temperatures, as it can be seen in figure 4 . At low temperatures, the application of an external magnetic field will change the energy eigenvalues, also changing the population of the quantum states, and leading the system to a different ground state with a different degree of quantum coherence. When a high longitudinal magnetic field is applied, the ground state tends to be less coherent than some excited states, as can be seen in figure 4 (a) . Similar effects were also encountered for the entanglement of formation and quantum discord in the references 6, 56-58. Nevertheless, when the transverse field is applied the ground state tends to be more coherent than the excited states leading to the increase of the coherence, shown in figure 4 (b). It can be understood in terms of the population change of the ground state, through the variation of the Boltzmann's weights which provides the occupation of the energy levels [6, 56] .
The field effect is to populate such coherent states, leading to an increase in the coherence. On the other hand, as depicted in figure 4(a) , increasing the temperature will populate many states decreasing the degree of coherence; as higher the applied magnetic field as slower the degree of coherence in the system will decrease and, as it might be expected, the effects shown in figures 3 and 4 tend to disappear as the temperature gets too large.
V. CONCLUSIONS
In summary, we have shown a method to estimate the trace distance quantum coherence in low dimensional magnetic materials composed of 1/2-spin dimers, where we investigate the influence of external parameters, such as temperature, hydrostatic pressure and magnetic fields, on the quantum coherence of the metal-silicate framework KN aCuSi 4 O 10 from which we obtain an ideal realization of a two-qubit system. At zero magnetic field we associate the calculation of the trace distance quantum coherence with a magnetometric measurement of the magnetic susceptibility of the compound, using the experimental data reported in reference 28 which characterizes the magnetic properties of this material, paving the way for the experimental measurement of quantum coherence in low dimensional molecular magnetic materials.
In addition, using first principles calculations results we investigate the influence of the external pressure on the degree of quantum coherence of our prototype material. We observed that increasing the external pressure yields a minimization on the degree of coherence in the system. Therefore, the quantum coherence of a molecu-lar magnetic system can be controlled and manipulated by the management of significant macroscopic properties. Moreover, we also presented a theoretical analysis of the influence of an external magnetic field on the degree of coherence of the system, where we investigate the basis dependence on the coherence. We found that while the field longitudinally applied to the reference basis decreases the degree of coherence in the parallel eigenbasis, the transversely applied field strengthens the degree of coherence between the Cu(II) ions in the dimeric cluster in the transverse eigenbasis.
In this context, the coherence of a low-dimensional molecular magnetic system can be handled by controlling the thermodynamic external parameters, such as temperature, pressure or magnetic fields. These results offer a new and exciting prospect for quantum coherence measurement, leading to promising applications in quantum information science such as the enhancement of quantum properties in low-dimensional molecular magnetic systems by material engineering, and the development of novel candidate platforms for the processing and transmission of quantum information.
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